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Abstract
Grand canonical Monte Carlo simulations have been performed to deter-
mine the adsorption behavior of Ar and Kr atoms on the exterior surface of a
rope (bundle) consisting of many carbon nanotubes. The computed adsorp-
tion isotherms reveal phase transitions associated with the successive creation
of quasi-one dimensional lines of atoms near and parallel to the intersection
of two adjacent nanotubes.
I. INTRODUCTION
Much attention has focused recently on the problem of gas adsorption within bundles
(“ropes”) of carbon nanotubes [1–13]. For small atoms and molecules, both the cylindrical
spaces within individual tubes and the interstitial channels between tubes are regions of very
attractive potential energy for adsorption. Larger molecules experience a similar attraction
within the tubes (but not within the interstitial region, unless swelling occurs). In either
case, there occurs significant uptake, within these respective regions, at pressures P below
saturated vapor pressure P0 (svp). It was noted recently by Williams and Eklund [9] that
finite bundles of carbon nanotubes ought to exhibit additional, significant adsorption on
the external surface of the bundles. In the thermodynamic limit of an infinite array, such
external adsorption represents a negligible fraction of the total. Typical finite bundles,
however, have radius R∼ 100 A˚ and are expected to manifest significant external adsorption.
Indeed, experiments of Talapatra et al. [14] have been interpreted as providing evidence of
such external adsorption in the case of CH4 molecules, Ne and Xe atoms.
In this paper we formulate a simple model of this system with which we explore the
phenomenon of external adsorption. We suppose that the nanotube bundle of Fig. 1 is our
subject of investigation. This assumption provides us with a normalization factor (essentially
a surface/volume ratio) required for a specific prediction of the adsorbate mass per mass
of substrate (and nothing more). Any alternative geometry requires a “renormalization”
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factor, discussed below. Our actual calculations of external adsorption are performed with
a simplified abstraction of figure 1. Specifically, the model employs a periodic, planar array
of parallel cylinders representing the nanotubes. This planar model should be an adequate
approximation to the real situation (tubes at the perimeter of a rope) in an experimental
situation for which R greatly exceeds the radius (∼7 A˚) of an individual tube. Our method
of evaluating the adsorption is computer simulation, using the grand canonical Monte Carlo
(GCMC) method. With this well developed technique we are able to demonstrate the ex-
istence of several phase transitions in the film. These include both two-dimensional (2D)
transitions (analogous to layering transitions on flat surfaces) and quasi-1D transitions (anal-
ogous to ones on similar quasi-1D geometries, such as a surface facet cut close to that of a
low index surface). [15]
The outline of this paper is the following. The following section describes our model
potential and computational method. Section III describes our results. In section IV, we
describe implications for experiments studying such systems.
II. METHOD
As in most adsorption studies on graphite or carbon nanotubes, the adsorption potential
assumed here is a pairwise sum of two-body interactions U(x) between a molecule and the
nanotube’s carbon atoms [16,17]:
V (r) =
∑
i
U(r −Ri) (1)
where r is the position of the molecule and Ri is the position of a C atom. The pair po-
tential is assumed to be isotropic and of Lennard-Jones form: U(r) = 4ǫ[(σ/r)12 − (σ/r)6].
Although we neglect here the effect of anisotropy for adsorption on graphite [18], the po-
tential considered is suitable for our qualitative study. The LJ parameters for the Ar-C and
Kr-C interaction are obtained with semiempirical combining rules from the corresponding
LJ parameters : [19–22]:
σgC =
σgg + σCC
2
(2)
ǫgC =
√
ǫgg ǫCC
The parameter values used in this study are listed in the Table I.
Another simplifying assumption employed here is the replacement of discrete carbon
atoms by a continuous cylindrical sheet of matter; this should not drastically affect the
adsorbate’s behavior except when the adjacent tubes are in perfect registry, an unlikely
situation. The resulting potential at distance r from the nanotube axis, outside of the tube,
is [24]:
V (r;R) = 3 π θ ǫ σR
[21
32
(σ
r
)11
M11(x)−
(σ
r
)5
M5(x)
]
(3)
where θ = 0.38 A˚2 is the surface density of C atoms and R is the radius of the nanotube.
We use the integrals
2
Mn(x) =
∫ pi
0
dϕ
1
(1 + x2 − 2xcosϕ)n/2 . (4)
Finally, the adsorption potential on the external surface of the nanotube bundle is obtained
by summing up the interactions of the molecule with all the nanotubes in the bundle.
We perform GCMC simulations of Ar and Kr interacting with the outer wall of a bundle
of (10,10) tubes lined up to create a “flat” surface with grooves. In the GCMC simulations,
the chemical potential, temperature and volume are held constant while the number of
particles varies. This technique is standard and has been described in textbooks [25,26], so
only the details will be given here. Three kinds of moves are performed: displacement of a
molecule, creation of a particle and deletion of a particle. In the original method of Norman
and Filinov, [27] these moves were done in equal proportion (33% each). In our simulations
however, the percentage of attempted creation and deletions was set at 40% each while
20% of the attempted moves were displacements. This was done because the acceptance
rate for displacement moves was typically much higher than the acceptance rates for the
creation/deletion moves. By increasing the percentage of attempts, the total number of
creations and deletions that are accepted is increased, thus reducing the computation time
somewhat. It is still necessary to perform an increased number of moves in the transition
regions and in the high density regions to insure good thermodynamic averages. For a single
isotherm point typically, 3 × 106 moves were performed to equilibrate the system and 106
moves were used for data gathering.
The Ar-Ar and Kr-Kr pair interactions were taken as a 12-6 Lennard-Jones potential.
In representing the interaction of the gas with the bundle of nanotubes, only one tube was
modeled, with the groove in the center of the simulation cell and the apex of the tube at the
periodically replicated boundary. Since the distance between the axis of two neighboring
nanotubes is 17 A˚, one of the cell boundaries (the x direction) was fixed at this length. The
tube length (y-dimension) was set at 10σgg and periodic boundary conditions were used in
these two dimensions. The height of the simulation box (z-direction) was set at 40 A˚ where
a reflecting surface was used. Figure 2 depicts the adsorption potential for the case of an
Ar atom in the unit cell.
In Table II we compare values of the well depth found here with those found for Ne,
Ar and Kr atoms in related geometries: the interstitial channel, inside the nanotubes and
on the surface of graphite. It is seen that Ne experiences its most attractive potential in
the interstitial channels, while the other (larger) atoms find the external groove to be most
attractive. In the latter cases, the well is nearly twice as attractive as the well on the graphite
surface. This can be understood from the fact that the most favorable position in the groove
case corresponds to the optimal distance from each of the contributing tubes and each tube
contributes a well depth equal to 85% of that on planar graphite, so that the groove is 70%
more attractive than graphite. This situation is similar to recent measurements by Talapatra
et al. [14]. Their reported binding energies for Ne, Xe and CH4 adsorbed in closed-ended
nanotubes are about 75% larger than on planar graphite.
Simulations of Ar interacting with the bundle surface at temperatures ranging from 30K
to 68K were performed. The effect of molecular size was tested by varying the size (σ) of
Argon (ranging from 3.6 to 4.0 A˚) without varying the interaction strength. These results
will be referred to as “artificial Argon”. Also, simulations of the adsorption of Kr on this
surface for temperatures ranging from T = 57K to 97K were performed to look at the effect
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of increased interaction strength.
III. RESULTS
Fig. 3 presents results for the adsorption of Ar at low temperature (less than or of order
one-half of the ǫArAr parameter). None of these results exhibits any evidence of hysteresis.
The coverage in this and subsequent figures is expressed in two alternative forms on the
ordinate scales. On the left appears a number equal to the number of atoms per unit length
of the simulation cell, which is 10σArAr=34 A˚. For a single line of atoms at close packing, this
corresponds to about nine atoms per 1d chain. Our checks show that the simulation results
do not differ significantly if we increase this periodicity length. The right scale expresses the
coverage in adsorbate moles per gram of carbon. That calculation is carried out by assuming
the geometry to be the hexagonal structure of Fig. 1 (which contains Nt=37 nanotubes and
Ng =18 grooves on its perimeter). If the bundle size or shape is different, one merely corrects
the axis label by multiplying the right scale’s values by a factor (37 Ng)/(18 Nt).
One observes in Fig. 3 that the isotherm at T=30 K consists of a series of plateaus,
separated by steps. Each plateau represents a region of stability (over a range of P) of a
particular structure, which one observes in the density plots shown in Fig. 4. This behavior
is analogous to the stepped isotherms seen in adsorption on flat surfaces, a manifestation of
layering transitions on microscopically flat surfaces.
At very low P, significant adsorption occurs only in a “groove” formed along the contact
line of two nanotubes. Below the first plateau, this isotherm coincides with that µ1d(P,T)
predicted for a purely one-dimensional system, with an additive constant V1 due to the
potential provided by neighboring nanotubes and a small, slowly varying term δµT arising
from adatom motion transverse to the groove:
µ = V1 + µ1d(P, T ) + δµT (5)
β δµT = ln[λ
2/(π〈r2〉)]. (6)
Here 1/β = kBT and 〈r2〉 = 2/(β k) is the mean square displacement perpendicular to the
channel, expressed in terms of the transverse force constant k, and λ =
√
(2πβ~2)/m is the
de Broglie thermal wavelength. The values of V1 and other potential energies at locations
of specific 1d lines of atoms are presented in Table III.
Above the plateau associated with saturation (complete filling) of the groove, there occurs
a coverage jump near P = 10−14 atm. (at T=30K). This corresponds to the appearance of a
well-defined “three-channel” regime, the density of which appears in Fig. 4a. Upon further
increasing the pressure by a factor of ∼ 10, the coverage jumps by a factor of two, to a
regime in which the surface is covered by a striped monolayer film, seen in Fig. 4b. A
further increase in P by a factor of 3,000 results in a transition to a bilayer film, depicted in
Fig. 4c. This film grows continuously thereafter, since this is a strongly wetting situation.
The pressures at which these jumps occur can be predicted rather accurately with simple
model estimates. For example, the threshold at T=30 K for forming the three-channel state
is estimated to be:
µ3 = V3 − 4ǫAr + δµT = −1352K (7)
4
The factor of four is based on an assumed 4-fold coordination in the “new” pair of channels
(beyond the original one), plus an external field V3 contributed by atoms in the original
channel of adatoms. The preceding estimate is close to the value found in the simulation
(µ3= - 1270 K) for the onset of the three-channel state. Encouraged by this degree of
consistency, we estimate the chemical potential threshold for the monolayer, for which there
are six channels present:
µ6 = −3ǫAr + V6 = −1155K (8)
Here the factor of three is derived from one-half of the 6-fold coordination. This numerical
result is close to that found in the simulation (near P = 10−13 atm, µ6 = - 1040 K).
In Fig. 5 we present the adsorption isotherms for Kr at temperatures ranging from 43K
to 97K. In the isotherm at T=43K we find the same transitions than for Ar at 30K. (Notice
that the reduced temperatures are the same, i.e. 43K/ǫKrKr=30K/ǫArAr = 0.25)
One of the interesting features of these isotherms is the role played by size commensura-
tion in determining the monolayer transition on this surface comprised of nanotubes. This
effect is analogous to the role played by the molecular diameter in determining the pres-
ence, or absence, of epitaxial phases in monolayer phases on planar surfaces. [28,29] Figure
6 presents isotherms obtained for a set of “artificial Argon” systems; these gases differ from
one another in the values of the σ parameter, as indicated. As a result of this variation,
the monolayer transition is seen to change in a discontinuous way. For small values of σ,
the monolayer consists of 6 lines of atoms. Above a threshold value, σ=3.8A˚, the monolayer
consists of only 5 lines of atoms. This behavior is an expected steric effect. It is interesting
to see that there exists a transitional value, σ ∼3.6A˚ , for which ambiguity is present in the
isotherm at this monolayer transition (near P=10−9 atm).
The isotherms for Ar and Kr presented earlier both correspond to the small atom case
and therefore we find that the monolayer film consists of six parallel lines of atoms. On the
basis of the artificial systems reported in Fig. 6, we expect the monolayer of Xe (not studied
here) to correspond to five parallel lines.
IV. DISCUSSION
These calculations predict the existence of transitions between unusual phases of matter.
The first transition (as a function of P) is that between a one-dimensional fluid within a
groove and a set of three parallel lines of fluid. Subsequent transitions occur to a monolayer
and bilayer phase. Such transitions are possible due to the interaction between one group
(e.g., three lines) of particles and other groups which are present in the system, which is
taken to be periodic. The observation that a doubling of the transverse cell dimension
does not affect the results significantly suggests that these results are present in the infinite
system (as is the case in our recent study of the interstitial phase’s condensation transition
[12]). Of course, one recognizes that the actual system under investigation is not infinite; it
is a quasi-cylindrical bundle of (approximately parallel) nanotubes which is quite finite in
transverse dimension. Hence one expects a rounding of the vertical jumps shown here. The
degree of rounding depends on the deviation from our assumptions. Once that is known,
more realistic simulations can be carried out.
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TABLES
TABLE I. Parameters of the LJ interaction for Ar and Kr. [20,23]
Gas ǫgg(K) σgg(A˚) ǫgC(K) σgC(A˚)
Ar 120 3.4 57.9 3.4
Kr 171 3.6 69.2 3.5
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TABLE II. Characteristic well depths of Ar Kr and Ne in the external surface (ext), the
interstitial channel (IC), inside the nanotubes (NT) and on flat graphite (gr). [13]
Gas V extmin(K) V
IC
min(K) V
NT
min(K) V
gr
min(K)
Ar -1607 6 -1426 -965
Kr -2025 2048 -1836 -1220
Ne -725 -1018 -600 -431
8
TABLE III. Potential energies of Ar atoms located in the central channel (1) and the following
channels numbered from the center to the right (see fig. 4b).
channel 1 2 3 4
V(K) -1607 -872 -799 -795
9
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FIGURES
FIG. 1. A model nanotube bundle possessing 37 tubes and 18 external grooves.
FIG. 2. Depiction of one unit cell of the one-dimensionally periodic line of nanotubes as-
sumed in the simulations. The contours correspond to constant potential energy values V/ǫArC=
-25,-20,-15,-10,-5,-1 from darker to lighter. The dashed lines correspond to the cylindrical nanotube
surface.
FIG. 3. Adsorption isotherms for Ar at various temperatures, indicated by the symbols in the
figure. The left ordinate label 〈N〉 is defined in text. The right scale, as described in text, assumes
a bundle having the structure depicted in figure 1.
FIG. 4. Density of Ar atoms as a function of the coordinates perpendicular to the axis of the
bundle. The temperature is 30K and the pressure is a) P=0.36 10−13atm (〈N〉=27.3), b)P=0.4
10−12atm (〈N〉=54.0), c)P=0.59 10−9atm ( 〈N〉=99.5). The contours show constant density values
of 2A˚−2 (thick) and 0.2A˚−2 (thin).
FIG. 5. Adsorption isotherms for Kr at several temperatures indicated in the legend.
FIG. 6. Adsorption isotherms for four gases having ǫgg = ǫArAr and σgg indicated in the inbox.
The temperature is 40K.
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